We elucidate the counting of the relevant small parameters in inflationary perturbation theory. Doing this allows for an explicit delineation of the domain of validity of the semi-classical approximation to gravity used in the calculation of inflationary correlation functions. We derive an expression for the dependence of correlation functions of inflationary perturbations on the slow-roll parameter ǫ = −Ḣ/H 2 , as well as on H/M p , where H is the Hubble parameter during inflation. Our analysis is valid for single-field models in which the inflaton can traverse a Planck-sized range in field values and where all slow-roll parameters have approximately the same magnitude. As an application, we use our expression to seek the boundaries of the domain of validity of inflationary perturbation theory for regimes where this is potentially problematic: models with small speed of sound and models allowing eternal inflation.
Introduction and summary
There is considerable evidence from both the observed temperature fluctuations in the cosmic microwave background (CMB) [1] and the distribution of large-scale structure [2] across the observable universe that points to the existence of a specific pattern of near-scale-invariant primordial fluctuations. Furthermore, the properties of these primordial fluctuations inferred from observations seem well-described by quantum fluctuations [3] during an early accelerated epoch; usually assumed to be due to inflation [4] . The success of this description argues that large-scale quantum-gravity effects are not only detectable but that they have, in fact, been detected: verily a triumph of modern physics.
Any quantum treatment of gravity eventually collides with its non-renormalizability [5] , which arises because its coupling constant (Newton's constant 8πG = 1/M 2 p ) has dimensions of inverse mass in fundamental units, for which = c = 1. Because G has negative mass-dimension, any perturbative series in G inevitably becomes a low-energy expansion, since the dimensionless combination is GE 2 /2π = (E/4πM p ) 2 , for some E ≪ M p . Gravity (like other non-renormalizable theories [6] ) therefore naturally lends itself to a description in terms of an effective field theory (EFT) [7, 8] . EFTs are relevant because they are designed specifically to efficiently exploit the low-energy limit whenever a system enjoys a large hierarchy of scales, such as E ≪ M (with M ∼ M p ).
The lagrangian of an EFT is usually a complicated expression and, when written order-by-order in powers of the heavier mass, is usually an arbitrary real, local function of all possible combinations of the fields and their derivatives consistent with the symmetries of the problem. It is because powers of derivatives come together with inverse powers of the heavy scale, M -where usually (though, as we see below, not exclusively) for gravity M ∼ M p -that this complicated lagrangian is useful. Only a few interactions prove to be relevant at low orders in the 1/M expansion.
Indeed, the key question one asks with any EFT is: precisely which interactions appear in exactly which ways inside which graphs within a graphical expansion at any fixed order in the low-energy ratio E/M ? Answering this question is called 'power counting' the EFT, and the answer is important for two reasons. First, (as applied to the contributions you compute) it is central to being able to systematically exploit the predictions of the EFT because it identifies precisely which interactions enter to any given desired order in the low-energy expansion. Second, (as applied to the contributions you do not compute) it shows precisely what is the theoretical error by showing how large are the contributions due to the leading terms being neglected. Power-counting arguments quantify the size of the theoretical error, and this is clearly a prerequisite for any meaningful comparison with observations. But, as we review below, for gravity there is also a bonus: it is this kind of calculation that shows why semi-classical calculations are usually (but not always) a good approximation in gravitating systems. For example, it reveals the semi-classical expansion during cosmology to be a series in powers of (H/4πM p ) 2 , where H is the spacetime's Hubble parameter. This answers a question that is probably not asked often enough: why is a classical analysis valid in the first place, and where does it start to break down?
Power-counting is also related to, but logically distinct from, issues of technical naturalness. 1 It is related inasmuch as technical naturalness asks whether the sizes of effective couplings change as one integrates out states of various mass, with the particular focus being integrating out the most energetic states since these are the ones that potentially contribute dangerously to a few vulnerable low-energy quantities (such as small scalar masses or small vacuum energies). Power counting is relevant to addressing naturalness questions because the point of a power-counting argument is to identify systematically how various large mass scales contribute to any particular observable.
But power counting and technical naturalness are distinct because although it can be an uncomfortable embarrassment (that one usually feels requires explaining) to have a theory that is not technically natural, the theory itself remains a self-consistent tool in which one can make sensible theoretical predictions. By contrast, if power counting indicates an uncontrolled dependence on a large mass then this really signals our inability to make quantitative predictions at all (at least purely within the low-energy limit). If a theory is in a regime where power-counting does not allow an expansion in small energy ratios it might or might not be technically natural; we simply do not know since we cannot compute with it reliably enough to tell. But if a theory is not technically natural its renormalized parameters are being chosen in an odd way that begs for an explanation, but this in itself need not undermine our understanding of how to make predictions (or, as is sometimes argued, of EFT methods in general).
Since inflationary predictions of primordial fluctuations might provide the first observation of a quantum gravity effect, power-counting during inflation is particularly important. In this note we provide the power-counting expression for the simplest single-field slow-roll models in which all slowroll parameters are similar in size. We start, in §2, by using a brief review of standard results for semiclassical power-counting in pure gravity to define notation useful later. (EFT aficionados should feel free to skip this section.) For inflationary applications there are a variety of things called EFTs [10] [11] [12] and our power-counting arguments apply to most of them. Although we explicitly make our arguments for a scalar-metric theory expanded about a rolling background -closer in spirit to ref.
[10] -we believe our arguments also go through for the more general framework of fluctuations about single-clock backgrounds given in ref. [11] .
Our main inflationary result is derived in §3, with §3.2 tracking the low-energy factors that control the semiclassical approximation and §3.3 adding the additional information about dependence on slow-roll parameters. These sections culminate in eq. (3.12) , which expresses how any graph contributing to a connected n-point correlation function (at horizon exit, k = aH) depends on the two small parameters: the slow-roll parameters, ǫ, and the ratio of H to other, higher, scales. Besides reproducing standard results -as is argued is true for the lowest few n-point functions in §3.4 -this expression allows the determination of when the underlying semiclassical expansion breaks down, thereby allowing a systematic inference of the boundaries of its domain of validity. Simpler 'unitarity arguments' can also identify which small parameter controls perturbation theory; however, a full power-counting result does more because it systematically identifies how many powers of each small parameter enters from any particular graph in a perturbative expansion.
We use the power-counting formula, eq. (3.12) , to explore the edges of the perturbative regime in two different ways. First, in §3.5.1, we explore 'small-c s ' models, in which the propagation of signals can occur with speeds much smaller than the speed of light. We show why these theories push the envelope of the vanilla power-counting arguments used here, and sketch how these arguments might be extended to include a small-c s regime in a controlled way, particularly for models like DBI inflation [13] that enjoy additional symmetries. Finally, §3.5.2 discusses the regime of eternal inflation, which we argue also probes calculational boundaries in interesting ways. In this case we argue that although semiclassical perturbation theory usually is in very good shape, for sufficiently small slow-roll parameters the ǫ-expansion can become subdominant to the semiclassical expansion. In this regime it can be inconsistent to include ǫ-dependence without also including quantum effects and higher-derivative corrections to General Relativity.
Power-counting with gravity
Power counting is the central step when working with EFTs, since it systematically identifies which of the many effective interactions can contribute to observables at any order in the small quantities underlying the EFT expansion (for reviews, see for instance ref. [6] ). This section briefly summarizes standard results when these methods are applied to gravity [7, 8] , before generalizing to include the effects of small slow-roll parameters. The reader familiar with this story should feel free to skip ahead to §3.
GREFT
General relativity is not renormalizable. Although this was regarded as a problem back in the day, we now know that non-renormalizability in itself is not that remarkable since other very predictive theories (like the Fermi theory of weak interactions or low-energy interactions of pions) also share this property. Non-renormalizability is generic whenever there are couplings (like Newton's constant, G, or the Fermi constant G F ) with engineering dimensions that are inverse powers of mass, and the central observation that gives them predictive power is that any series in this coupling is necessarily a low-energy expansion: one works in powers of GE 2 where E is a typical scale in the observables of interest. (The discussion below follows closely the treatment in ref. [8] .)
EFTs are the natural language for describing this sort of low-energy expansion, since they organize interactions from the get-go into a derivative expansion in order to identify most efficiently those that dominate at low energies. Given that gravity is described by the spacetime metric, g µν , the effective lagrangian describing pure gravity to which one is led in this way is
corresponding to a sum over all possible curvature invariants. In this expression the first line represents the usual terms of General relativity -consisting of a cosmological constant, λ, and the EinsteinHilbert action -while the second line contains curvature-squared terms, the third line curvature-cubed terms, and so on. We have introduced the reduced Planck mass, M 2 p = (8πG) −1 . As written, the couplings a di are dimensionless (in 4 dimensions) and to this end an appropriate power of an overall mass scale M is factored out of the curvature-cubed and higher terms. Two things are important in this expansion: the dimensionless quantities a di are usually at most order-unity; 3 and the scale M is likely to be much smaller than M p . To see why these are true, imagine obtaining these interactions by integrating out a heavy particle of mass M . Within perturbation theory such a calculation generically predicts M appears as required on dimensional grounds, and that the a di are proportional to dimensionless couplings and suppressed by powers of 2π (see below for more details on why).
One also might expect that integrating out a particle of mass M would contribute an amount δM 2 p ∝ M 2 to the Einstein-Hilbert action, as well as an amount δλ ∝ M 4 to the cosmological constant. But, the correction to the Einstein-Hilbert term is negligible if M ≪ M p (unlike the contribution R 3 /M 2 , which completely swamps any prior contribution of order
It is an unsolved puzzle why the cosmological constant is not also dominated by contributions from the largest values of M , so we simply drop λ until discussing inflationary models in later sections.
Finally, it should also be noted that many of the interaction terms in the action in eq. (2.1) are redundant, in that their coefficients do not appear independently in observables. Two common reasons for this are if the term in question is a total derivative (such as a R term, not written explicitly above) or if the term can be removed by performing a field redefinition. As argued in more detail in ref. [8] , in practice this latter criterion means that terms can be dropped that vanish when using the lowest-order field equations (such as the vacuum Einstein equations in the present case). For pure gravity with λ = 0 this allows the dropping of any terms involving the undifferentiated Ricci tensor or Ricci scalar (R µν or R = g µν R µν ).
Semiclassical perturbation theory
For the purposes of estimating how these interactions contribute to observables, we imagine working in semiclassical perturbation theory. This involves expanding about a classical solution, 2) and rewriting (2.1) as a sum of effective interactions
whereL eff = L eff (ĝ µν ) is the lagrangian density evaluated at the background configuration. The sum over n runs over the labels for a complete set of interactions, O n , each of which involves N n ≥ 2 powers of the field h µν . (N n = 1 because of the background field equations satisfied bŷ g µν .) The parameter d n counts the total number of derivatives appearing in O n (acting either on the background or the perturbation), and so the factor M −dn is what is required to keep the coefficients, c n , dimensionless. For instance, an interaction like 4) with indices raised and covariant derivatives built using the background metric,ĝ µν , would have d n = 2 and N n = 3. The overall prefactor, M 2 M 2 p , is chosen so that the kinetic terms -i.e. those terms in the sum for which d n = N n = 2 -are M and M p independent. As is clear from the example, the operators O n depend implicitly on the classical background,ĝ µν , about which the expansion is performed.
The coefficients c n are calculable in terms of the a di , but if M ≪ M p the c n 's cannot all be order unity. Comparing eqs. (2.1) and (2.3) shows that the absence of M p in all of the curvature-squared and higher terms in (2.1) implies the c n for these interactions should be of order
where g n is at most order-unity and independent (up to logarithms) of M and M p . Perturbation theory proceeds by separating L eff −L eff into quadratic and higher order parts,
where L 0 consists of those terms in L eff for which N n = 2 and d n ≤ 2. All other terms are lumped into L int . Expanding the path integral in powers of L int allows the integral over h µν to be expressed as a sum of Gaussian integrals, classifiable in terms of Feynman graphs, with L 0 defining the propagators of these graphs and L int their vertices in the usual way. Standard arguments show that this is a semiclassical expansion inasmuch as each loop corresponds to an additional order in (though tracking powers of in this way does not in itself yet identify the semiclassical parameter whose smallness makes the loop expansion a good approximation).
To identify more cleanly what parameter controls the loop expansion we make the following dimensional argument. Imagine computing an amputated Feynman graph, whose E external lines are removed and so carry no dimensions. The propagators, G(x, y), associated with each of the I internal lines in this graph come from inverting the differential operator appearing in L 0 . What matters about these for the present purposes is that they do not depend on M and M p , although they can depend on scales (like the Hubble scale, H) that arise in the background configuration,ĝ µν .
The factors of M and M p all come from vertices in the Feynman graph of interest, since they all come from terms in L int . Each time the interaction O n contributes a vertex to the graph it comes with a factor of c n M 2−Nn p M 2−dn . If the graph contains V n number of vertices of type n it therefore acquires a factor
where the equality uses the identity 2.8) that expresses that the end of each line in the graph must occur at a vertex, as well as the definition, 9) of the number of loops, L, of the graph. Given this identification of how M and M p arise, the dependence of the Feynman graph of interest on the other, low-energy, scales defined by the graph's external lines is set by evaluating the Feynman rules. The result is particularly simple in the special case where there is only one such a low-energy scale, since in this case its appearance is dominantly determined (up to logarithms) on dimensional grounds. Because dimensional arguments are complicated by ultraviolet divergences -arising due to the singularities in the propagators, G(x, y), in the coincidence limit y → x -for the purposes of making the dimensional argument it is very convenient to regularize these divergences using dimensional regularization. In this case all divergences arise as poles as the spacetime dimension approaches 4, and the overall dimension of the graph is set by the physical scale appearing in the external legs (such as the scale H characterizing the size of a derivative of the background classical configuration). Denoting this external scale by H, the contribution of a graph involving E (amputated) external lines, L loops and V n vertices involving d n derivatives becomes 10) with factors of 4π also included using standard arguments (see, e.g. [8] ). Keeping in mind the factors of M and M p hidden in some of the c n 's -c.f. eq. (2.5) -it is useful to separate out the interactions with more than two derivatives in this result, to get
Notice the dimension of A E here is what would be expected for the coefficient of φ E in an expansion of the one-particle irreducible (1PI) action: i.e. A E has dimension (mass)
4−E , as appropriate given its external lines have been amputated. Eq. (2.11) identifies which combination of scales justifies regarding quantum effects to be small enough to allow semi-classical methods in General Relativity. A generic necessary condition for graphs with more loops (for a fixed number of external lines) to be parametrically suppressed compared to those with fewer loops is to have H be small enough to ensure 12) while the suppression of interactions coming from higher-derivative interactions additionally requires
Repeated insertions of two-derivative interactions (i.e. those coming from the Einstein-Hilbert action) do not generically generate large contributions because these satisfy
14)
The lack of suppression of these interactions expresses the principle of equivalence, since it shows that they are all generically equally important in a given low-energy process. Eq. (2.11) is central to all applications of General Relativity, since it identifies systematically which interactions are important in any given physical process. In particular, because H is always in the numerator it shows that control over semiclassical methods always requires a low-energy approximation (as is indeed expected due to the presence of the dimensionful non-renormalizable coupling, G).
In practice, most people using General Relativity treat it as a classical field theory and eq. (2.11) shows why this is usually valid: for a fixed number of external lines the dominant contributions come if L = 0 and V n = 0 for all interactions for which d n > 2. Since d n is even (and the assumption that λ is negligible implies d n ≥ 2), this means that the dominant processes are those computed at tree level using only interactions with precisely d n = 2 derivatives; that is, classical processes computed using only the Einstein-Hilbert action.
But eq. (2.11) also shows which interactions contribute at subleading order: the dominant corrections are those using only d n = 2 interactions but with L = 1, or those with L = 0 for which the d n = 2 interactions are supplemented with only a single d n = 4 interaction. That is, the next-toleading contribution is suppressed compared to classical General Relativity by (H/4πM p ) 2 and comes from one-loop General Relativity plus tree graphs containing exactly one curvature-squared interaction. It is the coefficient of the tree-level, curvature-squared interactions that renormalize the UV divergences that arise in the one-loop graphs.
And so on, to any required accuracy in powers of H/M and H/M p .
3 Power-counting in simple inflationary models
We now repeat and extend the above arguments to simple inflationary models, following the treatment in ref. [17] .
Scalar-metric models
We start by adding N dimensionless scalar fields, θ i , though later restrict to single-field models. The effective lagrangian obtained as a derivative expansion is then
with terms involving up to two derivatives written explicitly and the rest written schematically, inasmuch as R 3 collectively represents all possible independent curvature invariants involving six derivatives, and so on. As in the previous section, the explicit mass scales v, M p and M are extracted so that the functions V (θ), W (θ), A(θ), B(θ) etc, are dimensionless. Eq. (3.1) normalizes the scalar fields so that their kinetic term has Planck mass coefficient. With inflationary applications in mind we take M ≪ M p , and for inflationary applications we take
. Again expanding about a classical solution, 2) allows the lagrangian in eq. (3.1) to be written as
where as beforeL eff = L eff (ϑ,ĝ µν ) and the interactions, O n , involve
n ≥ 2 powers of the fields φ i and h µν . Also as before the parameter d n counts the number of derivatives appearing in O n , the coefficients c n are dimensionless and the prefactor, M 2 M 2 p , ensures the kinetic terms (and so also the propagators) are M and M p independent.
Following the steps of the previous section, we assign M and v dependence to the coefficients c n (for d n = 2) so that eq. (3.3) captures the same dependence as does eq. (3.1). For simplicity, we first treat derivatives of the background and fluctuations on equally footing, as was done in the previous section. We relax this assumption in the next section. For d n > 2 this implies c n is given by eq. (2.5) where g n is order unity, and for terms with no derivatives -i.e. those coming from the scalar potential, V (θ) -we have 4) where the dimensionless couplings λ n are independent of M p and M (and are related to slow-roll parameters in what follows). In terms of the λ n 's the above assumptions imply the scalar potential has the schematic form 5) which shows that we choose V to range through values of order v 4 as φ i range through values of order M p . When applied to inflationary models in later sections we make the further 'slow-roll' assumption that constrain λ n to be smaller than order unity. Although these choices do not capture all possible inflationary models, they do capture those for which the inflaton rolls over a Planckian range and for which all slow-roll parameters are of similar size, such as single-field models with observable tensorto-scalar ratio, r.
The natural scale for the scalar masses under the above assumptions is 
Assuming the classical background is described by slow-roll inflation the derivatives of the canonically normalized scalar fields
Semiclassical perturbation theory
Our goal is to identify how any observable depends on both the small energy ratios H/M and H/M p as well as the slow-roll parameter, ǫ. To start off let us take ǫ ≃ O(1) and purely count powers of H/M p , by repeating the dimensional power-counting argument of earlier sections. In subsequent sections we dial down ǫ to examine its competition with H/M p .
To this end we expand L eff = L eff + L 0 + L int , and examine the size of a Feynman graph having E external lines, with external lines characterized by the single low-energy scale H. We track the powers of M , v and M p coming from the vertices and determine the H-dependence on dimensional grounds, in the manner that led to (2.10), including making explicit the factors of v, M and M p hidden in the c n 's when d n = 2.
For cosmological applications it also proves useful to normalize amplitudes differently than in (2.10) . Whereas the previous section normalizes A E as appropriate to amputated Feynman graphs, for cosmology it is more useful to track correlation functions 5 for which we attach a propagator to each external line and integrate over the space-time location of the amputated graph. Since power-counting here associates a factor of H for each dimension, the resulting Feynman amplitude scales with the parameters according to B E ≃ A E H 2E−4 . Combining everything leads to the result
Although insertions of scalar interactions can sometimes undermine the underlying H/M p expansion [17] , this does not happen for potentials of the form assumed in inflationary models. Eq. (3.7) shows that, under the assumptions given, the presence of scalar fields does not undermine the validity of the underlying semiclassical expansion, which again relies on the low-energy approximation (2.12): H ≪ 4πM p . Just as for pure gravity the leading contribution comes from classical physics, though this time using the zero-and two-derivative parts of the action. This is what justifies standard classical treatments of inflation. Again as before the dominant subleading terms are down by (H/4πM p ) 2 [20] and arise at one-loop together with classical contributions with appropriate counterterms with up to four derivatives.
These power-counting results can be used to study the sensitivity of the inflationary choices made when specifying the effective action, with the generic result that integrating out a heavy field of mass m gives contributions of the same form as those already found in the action, but with v ≃ M ≃ m [17, 21] , together with potential non-adiabatic corrections that can invalidate the underlying EFT description [8, 22] .
Slow-roll suppression
Generically, derivatives of the background and derivatives of the fluctuations may be of parametrically different sizes. In inflation, this occurs because derivatives of background fields are additionally suppressed by powers of the slow-roll parameters. We now dial down the generic slow-roll parameter, ǫ, and find that there are two ways that ǫ modifies eq. (3.7) .
First, the assumed flatness of the inflationary potential (assuming all slow-roll parameters to be of the same order of magnitude) allows us to write the sth derivative of the scalar potential as (3.9) whereλ n is order unity and N n counts the number of lines that meet at the vertex in question. Using this in eq. (3.7) shows how insertions of scalar interactions do not change the powers of H/M p but always cost powers of the slow-roll parameters, 6 with a factor of √ ǫ arising for each scalar line that meets in the vertex.
The other way slow-roll parameters enter into eq. (3.7) is through scalar background-field derivatives, which we assume satisfy eq. (3.6) and its higher slow-roll extensions (3.10) This kind of suppression arises once scalar-field derivatives are expanded about their background (assuming all slow-roll parameters are similar in size), as in ∂ µ (ϕ + φ) =φ δ 0 µ + ∂ µ φ and so on. (We assume negligible background gradient energy in ϕ as required for inflation.)
To track these factors we replace the two labels (d, i) counting the numbers of derivatives and fields in an interaction with five labels that do so separately for background and fluctuating fields: (d, i; D, I s , I h ). Here i and d respectively denote the number of powers of background fields ϕ (but not g µν ) appearing in the vertex and the number of times these background fields are differentiated. The quantity I s similarly counts the number of powers of the fluctuating scalar fields (φ) and I h counts the number of powers of metric fluctuations h µν ), while D counts the total number of derivatives except those that act on the background scalar field (and so are separately counted by d). We incorporate the slow-roll suppression due to background evolution by requiring any vertex with these labels to be suppressed by 11) where theĉ andĝ are order-unity constants. Notice we assume no slow-roll suppression when the scalar field appears undifferentiated in the action anywhere except for the scalar potential, so that (for example) there is no additional suppression by powers of ǫ associated with any ϑ-dependence in
Using these choices in eq. (3.7) finally leads to the following inflationary power-counting estimate for a Feynman graph with E external lines
Here the products are over all vertex types appearing in the graph, labeled according to the number of background scalar fields (i) and metric (I h ) or scalar perturbations (I s ) participating in the interaction. The vertices are labelled according to the number of derivatives on background scalar fields (d) and the total number of derivatives, d n = D + d, on all background fields or fluctuations. This expression summarizes the ǫ and H/M p dependence of a general Feynman graph under simple inflationary assumptions, and so is the main result of this section.
Single-field slow-roll inflation
Before exploring the trade-off between ǫ and H/M p in exotic situations, it is worth first verifying that the above rules capture the known dependence of fluctuations in situations already considered in the literature. In making contact with the literature we must become more explicit about the gravitational sector, for which the fluctuation h µν contains both scalar and tensor parts. At this point we also specialize to single-field models, which in practice means that we can always choose G ij (θ) to be a constant so that the inflaton kinetic term is proportional to √ −g ∂ µ φ ∂ µ φ, and so does not contain any trilinear or higher inflaton self-interactions (though it does contain trilinear and higher interactions coupling powers of the metric fluctuation to two inflaton fluctuations).
For the purposes of tracking ǫ it is convenient to work in a gauge where both φ and the scalar part of h have diagonal φ-φ and h-h kinetic terms unsuppressed by ǫ while the off-diagonal φ-h kinetic mixing is order √ ǫ. This is precisely the counting one would have in an inflationary model when expanding the inflaton kinetic term −(ĝ + h) ∂ µ (ϕ + φ)∂ µ (ϕ + φ) out to quadratic order, using the above counting rules that convertφ → √ ǫ HM p . We must also come to grips with the gauge-dependence of the gravitational sector. Since we regard our scalar to be canonically normalized we effectively work in a non-unitary gauge for which the scalar field can be tracked separately from the metric fluctuation, though only one combination of these survives in physical quantities. The result in unitary gauge (and for dimensionless tensor modes, t µν ) can be found by the rescaling
With these rules we expect the leading contribution to the variance of φ and h to correspond to the lowest-order result for a Feynman graph with E = 2 and L = 0 that only uses vertices taken from the 2-derivative interactions. The diagonal terms arise unsuppressed by powers of H/M p or of ǫ, while as discussed above the off-diagonal terms are down by at least one power of √ ǫ. The result therefore is of order (3.14) Converting to curvature fluctuations and dimensionless strain using eq. (3.13) then leads to the usual estimates
The leading powers of H/M p in the bispectra are similarly obtained by choosing E = 3 and L = 0 and no vertices used except those with d n = 2. The leading powers of ǫ are then found from the estimates using the simplest graph involving only a single 3-point vertex. For the quantities hhh and hφφ this leads to the ǫ-unsuppressed estimates 16) since the required unsuppressed cubic vertex comes from either the Einstein-Hilbert action or the inflaton kinetic term. The same is not true for hhφ or φφφ since there is no cubic interaction of these types arising unsuppressed by ǫ in the d n ≤ 2 lagrangian. Since the cubic scalar interaction is 8 To write the full action at cubic order and higher, we also need the non-linear terms in the gauge transformation [23] . Including these terms gives, parametrically, ζ ≃ (3.16) and eq. (3.17) order ǫ 3/2 it is subdominant to the interactions obtained by inserting a single h-φ kinetic mixing into hhh or hhφ , leading to the estimates (3.17) It is clear that in order to obtain c s much different from unity one must chooseφ and M to satisfẏ (3.22) and the purpose of this section is to outline the extent to which such a choice poses a threat to the power-counting given above. Clearly a minimal requirement is the validity of the semiclassical expansion itself, but at face value eq. (3.12) says this requires only H ≪ 4πM p and H ≪ M , neither of which in themselves preclude the condition at eq. (3.22) . The effective theory's validity also imposes additional conditions, such as that the background evolution must be adiabatic [8, 22, 24] . Since M is the smallest UV scale in the EFT, in the present context adiabaticity implies bothȧ/a = H ≪ M (which we already impose) as well as the weaker conditionφ/ϕ ≃ √ ǫ H ≪ M . These also seem consistent with (3.22) . Does anything preclude the regime in eq. (3.22) ? It is clear that to the extent that ǫ ≪ 1, eq. (3.22) requires M ≪ v (for instance M < ∼ ǫ 1/4 v would do the job). The issue is whether or not it is legitimate in an EFT to have the universe be dominated by an energy density, V ≃ v 4 , that is larger than the UV scales being integrated out: v ≫ M .
It happens that having an energy density above the UV scale in itself need not rule out the use of EFT methods. It is possible if the large energy density cannot be converted to more dangerous forms that violate the central EFT assumption that the motion involves only the specified low-energy degrees of freedom [19] . Dangerous processes from this point of view are those (for example) that transfer too much kinetic energy to background fields or cause excessive particle production.
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But the condition in eq. (3.22) requires more than just that the potential energy V ≃ v 4 ≫ M 4 , it also demands the scalar kinetic energy be of order (or larger than) UV scales, sinceφ 2 > ∼ M 4 . What makes this precarious is that this kinetic energy must not be extractable to excite either UV particles (by assumption, not in the EFT) or to provoke non-adiabatic background evolution (which again is not reliably captured by the EFT).
Were it not for an explicit example one would be tempted to conclude from all this that small sound speeds must be beyond the domain of sensible EFT methods.
DBI inflation
The explicit example that seems to argue otherwise is DBI inflation [13] , for which the inflaton arises as the centre-of-mass coordinate of a brane, for which it is argued that relativistic kinematics implies an action with a kinetic term of the form 23) where X = −(∂φ) 2 and T is the brane's tension. What is unusual about the DBI action is that it keeps all orders in X but neglects all second and higher derivatives of φ, and this is believed to be a sensible regime because relativistic kinematics should not break down even for speeds near the speed of light -which in this case corresponds to the limit |X/T | ≃ O (1) . At the classical level this is self-consistent, inasmuch as the classical equations coming from eq. (3.23) driveφ → 0 asφ 2 → T . And in the regime |X/T | ≃ O(1) the speed of sound predicted for the inflaton becomes small, as expected from the above estimates.
The special structure of the DBI action has been argued to be preserved by a symmetry (nonlinear realization of the spacetime symmetries that are broken by the presence of the brane) [25, 26] , and this symmetry is likely to ensure the presence of the special square-root factor in front of all effective interactions, including those involving higher derivatives of φ. It is quite possible that this, together with the use of a different scaling regime for which spatial derivatives are of order H/c s , might lead to a consistent power-counting formulation 10 by extending the preliminary steps taken in ref. [28] (see also [29] ).
Our discussion above shows how worthwhile it would be to develop such a systematic powercounting calculation (along the lines of the above) for DBI (and, by extension, some class of small-c s models), showing how semiclassical calculations can be regarded as the leading terms in the expansion in powers of a small parameter (and, if so, explicitly what is this parameter). In the absence of such a power-counting result it is difficult to know how to quantify precisely the theoretical error made when using such semiclassical methods, and thereby to know how far to trust its predictions.
Although the existence of such a power-counting scheme would mean that a DBI-type action could be self-consistent, it would not automatically guarantee that it provides a good description for any specific microscopic brane setup. This is because there are usually additional issues that need checking, as can be seen by keeping in mind the simple example of a first-quantized relativistic point particle. The Nambu-like action for such a particle is very similar to the DBI action (due to the similarly broken spacetime symmetries), and would at first sight seem equally tricky to power-count when in the extreme relativistic limit (for which the centre-of-mass coordinate, r(t), satisfies √ 1 −ṙ 2 → 0, similar to the relativistic DBI limit 1 − X/T → 0). Yet we know that a consistent power-counting formulation in this case exists, and is most easily given in the second-quantized framework obtained once the relevant antiparticle is also included. In order for an EFT description cast purely in terms of the centre-ofmass motion to be valid one must check whether or not the relativistic motion starts to produce particle-antiparticle pairs, or to radiate other states to which the moving particle couples. Similarly, for relativistic DBI constructions one must identify the extent to which any assumed relativistic motion similarly stimulates brane, string or Kaluza-Klein excitations that have been assumed to be integrated out when formulating the EFT involving only φ and its derivatives, but neglecting these other states [30] .
Eternal inflation
Our power-counting discussion shows that classical dynamics always dominates when H/M p is sufficiently small, regardless of the size of ǫ. Working classically to subdominant order in ǫ therefore implicitly assumes a hierarchy of the form H/M p ≪ ǫ s for some positive s, whose value depends on precisely how far one wishes to work in the slow-roll expansion.
But for any specific value of ǫ and H/M p it is also clear that beyond some order in ǫ it becomes invalid to work purely at classical order. For instance, reasonable values for H and ǫ might be H/( √ ǫ M p ) ≃ 10 −5 and ǫ ≃ 10 −2 , for which H/M p ≃ ǫ 3 . In this case working beyond 6th order in ǫ necessarily also requires including loop corrections and including the action's higher-derivative terms in any classical calculation. 10 Notice that the power-counting issue differs from the issue of the technical naturalness of small cs discussed in ref. [27] . Technical naturalness asks whether having small cs at one scale ensures it remains small when run to other scales, for which the dangerous interactions are usually those involving the heaviest fields (which by assumption are not present in the EFT). By contrast, power-counting questions whether or not having small cs undermines the entire low-energy expansion on which semiclassical methods are based.
An extreme example to which this observation is pertinent is the case of eternal inflation, which corresponds to choosing parameters so that (3.24) This condition ensures that inflationary stochastic fluctuations can compete with classical evolution over Hubble time-scales. Clearly, because ǫ < ∼ (H/4πM p ) 2 in this regime contributions suppressed by ǫ at any loop order (say, tree level) can compete with contributions unsuppressed by ǫ but at one higher loop.
As has been pointed out elsewhere, the eternal-inflation regime is parametrically consistent with a perturbative analysis (although not if c s is too small [28, 31] ) since both control parameters H/M p and ǫ can be arbitrarily small while still satisfying eq. (3.24) . Where the above power-counting becomes interesting is if effects are computed for which ǫ being nonzero plays a role, implying the keeping of a fixed order in the ǫ expansion. Power-counting then shows that once one keeps any terms linear in ǫ (or smaller), it becomes inconsistent to work only within the classical approximation, using only up-to-two-derivative interactions, such as those of General Relativity coupled to an inflaton.
For stochastic formulations of eternal inflation [32] these arguments indicate that inclusion of drift is only consistent, while neglecting quantum and higher-derivative corrections to General Relativity, in the regime 25) where the first inequality restates the condition in eq. (3.24) for eternal inflation and the second inequality is the condition that the drift -normally proportional to V ′ ∝ √ ǫ -be larger than one-loop corrections. It also means that all corrections to the noise (and subdominant contributions to the drift) arising at O(ǫ), such as those found in ref. [33] , must also be accompanied by loop and higher-derivative corrections if applied within the eternal-inflation regime.
In view of recent resurgence of interest in stochastic methods [33] [34] [35] it clearly would be worthwhile developing systematic power-counting tools of equal power for the stochastic regime.
